Transitions between Volume-Localized Electron Quantum Levels of
Fullerene Cgp lON

RafaelV.Arutyunyan and Alexander D. Vasiliev

Nuclear Safety Institute, 52BolshayaTulskaya, Moscow 115191, Russia.
e-mail: vasil@ibrae.ac.ru

1 Introduction

New allotropic forms of carbon such as fullerenes, fullerites, onion-like fullerenes and
afterward carbon nanotubes, graphene, doped and endohedralfullerenes, have been
discovered respectively recently [1]. Currently, those nanomaterials are considered as
perspective materials in different areas of technology. The review of fullerenes’ physical
properties and behaviour including fullerene ions under collisions with fullerenes and other
particles is presented in the paper [2].

The ionizationcross-sectionsduring electron impact [3,4] or photoionization cross-sections
[5] of neutral and positively or negatively charged fullerenesareobtainedintheliterature. It
should be noted that due to big size of fullerene compared to ordinary atoms and molecules
and due to large number of carbon atoms in fullerene, the direct quantum-mechanical
calculations of these objects are extremely complicated and have alow accuracy and poor
prediction ability. This is why some simplified model assumptions are necessary for the
analysis of physical properties of fullerenes and fullerene ions.

A number of investigators [6,7] successfully apply the so called “jellium” modelto
qualitatively describe the physical parameters from experimental observations. The authors
calculated the energy levels spectrum for Cyg as well as for Cgo molecules. For example, the
lowest occupied electron energy level corresponds to about -44 eV while the highest
occupied level equals approximately to -4 eV in Cy neutral fullerene. In Cgo neutral
fullerene these levels are almost the same: -43 eV and -3.5eV respectively. In the paper [7]
the potential of the well and the wave functions for fullerene Cg are calculated.A spherical
electron gas model is applied as a simple model of Cgo molecule to the optical scattering of
electromagnetic wave on fullerene molecules [8].

The volume-localized electron levels (VLELS) existent due to Coulomb potential well
inside positive C;;~ ion have been reported for the first time in [9]. To our knowledge, these

electron levels located primarily inside the fullerene ion spheroid have not clearly mentioned
in the literature yet.

The system fullerene cation + electron and maybe neutral fullerene + electron can form the
guantum coupled system similar to inverted nanoion (C;;> +e~) or nanoatom (C;, +e~). The
electron is localized at discrete energy levels inside the charged sphere of fullerene cluster

composed of carbon ions.This is due to unique geometrical form of fullerene cluster as a
spheroid resulting in Coulomb potential well formation inside the fullerene. It could be said,
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that due to this topology, the quantum VLELSs are concentrated on the “wrong” side of
fullerene sphere.

At the same time, the ordinary surface-localized electron levels (SLELS) are typical for
charged and neutral fullerene. Thus, concerning the impact of the electron beam with
fullerene ions gas, the capture of free electrons is possible both to VLELs and SLELS energy
levels. Also, the spontaneous transitions from VLELSs to other VLELs and to SLELSs could
take place with simultaneous light emission.

Inthepaper [10] theauthorsconductthecalculationsoffullerenesrecharge cross-sections
within the bounds of standard recharge theory with tidy two-well symmetric potential.
Thosecalculationsareinagoodagreementwithexperimentaldata.

Thereisdirectexperimentalevidencethatfullereneiondegree (the number of positive
elementary charges on a fullerene) mayreach the quantity of about +10.Forexample,
theexperimentsareconsideredin [11], wherehigh-chargedfullereneionswereformed during
ionization by electron beam. The ions were detected with positive charge corresponding up to
6 elementary charges per particle.Inthepaper [12] theexperiments are reported, inwhichthe
stable 12-foldfullerene ions were observed (12 elementary charges per particle) after
irradiation of fullerene jet by strong infrared laser impulse.

The fullerene ions are stable or meta-stable. For example, the authors of the paper [13]
estimate numerically the characteristic C;;> ion lifetime to be of the order of several seconds

for Z<+11. However, according to this investigation, the dramatic lowering of fullerene ions
lifetime by 10 orders of magnitude takes place when increasing Z from +11 to
+13.Theionlifetimelongerabout 0.5 ps is reported in the experimental work [11].

Atthesametime, theresultsofquantum-mechanicalcalculationsbydensity functional theory
(DFT) [14,15,16] show that the meta-
stablefullereneionscanbeobtainedwithionizationdegreeuptoZ=+10.

The study of optical and nonlinear optical properties of fullerenes and fullerene ions with
different ionization degree Zincluding high Z is very important because those properties have
not been fully analyzed up to now. Currently, this topic attracts many investigators
throughout the world, see, for example, [17]. The fullerenes, onion-like fullerenes and
carbonnanotubes (CNT) are very perspective materials, particularly, due to their unique
geometry.The discovery of new unexpected phenomena of those nanomaterials is still
anticipated in the future investigations.

In this paper the simplified spherical model is used for qualitative and quantitative
description of volume-localized electron levels existent due to Coulomb potential well inside

positive C;* ion.

The VLELSs wave eigenfunctionsand the energy levels are investigated in the next Section.
Then, in the Section devoted to the results of investigation, the electron capture cross-sections
during recombination are calculated on the basis of standard quantum-mechanical methods.
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Also, the main results of calculations of dipole moments for transitions from fullerene ions’
VLELSs to other VLELs and to SLELSs are presented. In the last subsection, the principal
possibility of coherent radiation generation on fullerene ions VLELSs is discussed.

2 Materials and Methods

We use for the analysis the simplified spherical model of fullerene. According to this
model, the total positive charge of carbon ions of fullerene cluster and total negative charge
of bounded and delocalized electrons are uniformly distributed on spherical surface of
infinitesimal thickness. So, the quantum-mechanical problem allows the axial-symmetrical
formulation. This assumption considerably simplifies the consideration of volume-localized
electron levels in fullerene ion.

Volume-localized Electron Levels of Fullerene lon

Let us find the electron wave functions corresponding to different energy levels in the
potential produced by charged fullerene. We consider the ionC_/ in the analysis.

We suggest that except ordinary electron level states bounded with carbon ions (localized
electron quantum levels) and states unified with a whole cluster (delocalized electron
quantum levels) characteristic of neutral fullerene there exist another delocalized electron
levels in fullerene ion due to the effective Coulomb field of charged fullerene.

Indeed, within the bounds of this model the dependency of electron potential energy in a
Coulomb potential of charged fullerene U(r) is presented in Figure 1 as an example. Here r is
the distance to the centre of fullerene, Z — the charge of fullerene, e — the charge of electron,
& — the dielectric permeability of vacuum, r¢ — the radius of fullerene.

The depth of potential well Uy is (see Figure 1):

_Ze°
Ame,r,

(1)

0

By insertingthe following valuesZz=+10, e~1.60-10"°C, & ~ 8.85-10" C/(V-m), r=3.51-10°
Ymintothisformulae, wegetU, ~ 6.57-108)~ 41.1 eVv.
Aslongasthedepthofthewellisdeepenough in comparison to the value

hz -20
——~510%Jx0.31 eV,
me (er )

where71~1.05-10%  kg-m?%s-the  reducedPlanckconstant, ~ me=0.91.10%%g -
themassoftheelectron, 2r+— thecharacteristicsizeofthewell, then in this potential well a number
of electron states exists which is much more than unity [18]. Note, that this conclusion is
valid for every fullerene ion’s charge fromZ=+1 toZ=+10.



Figure 1: Simplified radial dependence of electron potential energy in Coulomb field of
charged fullerenec;? .

Despite the “jellium” or simplified sphericalmodel within which VLELs can be
obtained is rather rough approximation, the existence of VLELSs is not argued. In reality the
resultant Coulomb field in fullerene ion is not spherically symmetric, it is modulated on
anglesOuq(see Figure 2)correspondent to carbon ions locations in fullerene shell. But taking
into account of this circumstance will just result in correction of wave states eigenvalues and
spatial dependencies, while will not call in question the conclusion on the existence of
VLELSs itself.

For the axial symmetry case the solution for wave functions is presented as a product of
radial and spherical functions:

Yom = Rnl (r)YIm (9’ (P)’ (2)

wheren, landmarethe principal, azimuthaland magnetic quantum numbersrespectively. The
numbernsatisfiesthe non-equalityn>1+1. The energy of electronE_ corresponds to every
wave function.

The equations for radial wave function within the bounds of simplified sphericalmodel of
spherical fullerene in atomic system of units are written as

d’R dr r,m
2”'+3 ”'—I(Itl)Rn,JrZ En,+£ R, =0, OSr<f—:a=rfu,,, 3)
dr rodr r r; h
d’R, 2dR, I(I+1) Z r.m.a
drzl +? drl - r2 Rnl +2 Enl +T Rn| :Oa erh—Zeru”' (4)

wherea=e?/(4ney), Z-the fullerene ion charge, ru~ 6.63— the fullerene radius in atomic

system of units. We consider now the region inside the charged fullereneC; that is r<r.
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Figure 2: Fullerene ionC.7 in a spherical system of coordinates.
The Equation 3can be rewrittenas
d( ,dR, ) Z
—|r2= =y 2R +1(1+D)R,, =2/ E, +—]| S
dr( dr ] J/nl nl ( ) nl Vn nl + rf ( )

Inbeginning, letusinvestigateelectrons-states withl=0 (the spherical symmetry s-states). The
solutionsof (3) limited at r=0 will be

no

~ sin(yf7,7) _sin(k,r)
== k= (6)

Apartfrom (6),another solutions tending to infinity atr=0 will also be applicable:

R, - cos(rknr) _ )



However, thosesolutionsarephysicaltoo, because the integral of square of wave function
module in the vicinity of singularity pointr=0 is convergent, that isfinite. Thus, the wave
eigenfunctions inside fullerene sphere for azimuthal quantum number I=0 are as following:

R, = Sin(k”r)+r]n cos(k,r) (8)
r r
with correspondent energy levels E, 6 =-Z%/(2c2), ¢,=n=1,2,3...;the parametern, is

determined from boundary conditions.

The solutions of Equations 4 for the region outside the fullerene shell are presented in
Appendix 1. Theconditionsofsewingtogetherthewavefunctions and their derivativesinside and
outside afullerenesphereresult in thatforcharge Z=+1 and ¢,>> 1 the parametern, is equal

about -0.24. The expression E, =-Z/(25?), where &yis the integer number, arises from the

conditions of converging of the solution at r — c and is the obligatory property of Coulomb
systems.
The parameter y, = 2(E, +Z /r,, ) from Equation 5 should be more than zero otherwise

k, =y, Will be imaginary. In last case the solution would be

. shi |yn|r)+nn ehlyr.r) ©

r r

However, the appropriate energy levels in this case are lower than the bottom of Coulomb
potential well (see Figure 1) and, consequently, the solutions (8) do not have a physical
meaning.

ThecompletesetofsolutionsforEquations 3and 4for the casel> 0 and for the region
outside the fullerene sphere are given in Appendix 1.

Results and Discussion

Let us now use the model of VLELS to some interesting quantum mechanical applications.

Electron recombination with electron capture to volume-localized levels of fullerene ion

+Z
CGO

Consider the electron beam incident on the medium consisting of fullerene C.; ions.

The intensityof electron beam passing through the medium containingparticles is
changing according to Bouger-Beer-Lambert law:

1,(E,x) = I,(E)exp[- nQ(E)x], (10)

where |, istheinitialintensityofelectronbeam, 1/(m?s); n — theconcentrationofparticles, 1/m?; x

— the distance, passed by the beam, m; Q(E) - the total cross-section of electron scatteringon
the particle; E — the energy of the electron.

Supposethatthemediumcontainsfullerenes, fullereneionsoronionfullerenes. The
electrons scatter on nanoparticles by two ways:



o Elasticscattering (whenelectronenergy is not changing during collision but the
electron can scatter at some angle from initial direction of propagation);

e Non-elastic scattering with energy loss of incident electron including several possible
channels (fullerene transition to the state with higher electron energy, the scattering
with excitation of fullerene’s plazmon oscillations, one- or many-fold ionization of
fullerene, the electron capturewith transition to exciting state or photon emiting
(electron recombination).

We will stay in more detail on electron capture phenomenon. Consider the problem of

moving electron capture by positive ion of C;7 fullerene in the state of rest (Figure 3).

b)

Figure 3: The geometry of electron recombination phenomenon: a) particles positionbefore capture; b) particles
positionafter capture.

Theelectronwithwavevector k andmomentum p directedalongz-axis and Kinetic
energyE=p?/2me=k 2> /2m, (Figure 3a) IS falling upon the fullerene.

Asaresultofinteractiontheelectroncanbecapturedbythefullerenethatistheelectroncantransfertoo
neofunoccupiedelectronlevelsofneutral or
chargedfullerenewithinstantaneousemittingofphoton (Figure 3b).

Ifweknowthewavefunctionsy , (F) correspondingtodifferentenergyquantum
levelsoffullereneions, thenfreeelectroncaptureamplitudeduring transition from continuum
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spectrum state with energy E togivenenergylevelE,with wave function¥,is written by the

following manner:

whereU(F)isthepotentialofion C.°, presented inFigure 4, k - the wave vector of incident
electron. Thus, we use the classical Born approximation. Thepotentialofneutralfullerene [6] is

shown inFigure 5.

T(k,n)= (w, (P (F) explik - F)> ,

Figure 4: Schematic presentationof self-consistent potential of fullerene ion Cgolo .
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Figure 5: The wave functions and the potential of the well for Cg shell reproduced from

[6].

So, the amplitudeoftheelectroncapture on free electron levels of fullerene ion with wave
function v, will be the integral on volume:

T(k,n)= \fexp(ikz)J (P, (Fav, (12)

wherek is the electron wavevector.
Forestimationofthisintegralit is convenient to expand the plane wave of incident
electron on spherical waves the following way [18] (seeFigure 3a):

L (r)Y.;(%]Y.m@, (13)

Ry (r)=(-1) 2i(ijl sinkr,

k' \rdr r

Buttheproductofradialfunctions R, (r) andsphericalfunctionsY,, (6,¢) are exactly the wave

eigenfunctionsinside a charged fullerene sphere. This sircumstance considerably simplifies
the approximate calculation of integrals (12).

The capture probability IS the square of matrix element.
Asaresultthesquarerootfromprobabilityofelectroncapture to sphericall symmetrical level (n=0)
IS estimated as

Adr 1 Ze* h*(4ne 11 h?4rne
V Pcapture: A : ( 0) = _—0 (14)

1672 2k 4me,r, mZ%* 4z 2k r,m,Ze’

Theterm 167°hasarisenduenormalization of spherical functions (see Appendix 2).
Inthisexpressionthewavevectorkis expressed in atomic unite, so it is necessary to make the
substitution

2
w»wii?. (15)

Then we get the simple expression
V Pcapture 1 27[ ' (16)
1672 kr

From the above expression we concludethatthe capture cross-section (proportional to capture
probability) isinverselyproportionalto squareofwavevectoror to electron kinetic energy.
The partial capture cross-section is



4nto,

o

T(k.n), )

capture,n
C

where @ is the angular frequency of emiting photon, ¢c— the light speed.
For more thourough calculation instead of (16) we need to take the following integral

1 0"
v Pcapture = W £SIn kx:- Rnl (r)Y|m (9.(P)'dX ) (18)
f

wherekisthe wave vector of incident electron and the wave vector of electron level is written
as

‘- z[E +£j. (19)

The total capture cross-section is
o)

capture fotal zccapture,n
n

After calculation we get for capture cross-section the following graph (Figure 6).

1E-018

| \.HHH‘

1E-019

1E-020

1E-021

1E-022

Electron recombination cross-section, m?

1E-023

=

Energy of electron, eV

Figure 6: Analytical estimation of cross-sectionof electron capture byfullerene Cgol ion.

Thus, the maximum capture cross-sections are expected at electron energies less about
few eV.

We are also interested in caprure cross-sections on ordinary surface-localized electron
levels.
Becausetheseelectronwavefunctionsarelocalizedinthinlayerinthevicinityoffullerenespheresurf
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ace, then the modules of matrix elements of transition amplitude should be less compared to
amplitutudes of transitions on volume-localized electron levels formed by Coulomb field of
fullerene ion.

Following the results of the paper [Omm6ka! 3aknaaka He onpenenena.], the wave
functions of delocalized electrons are estimated as

v, ~ Aexp{— Ir- 6.63@ , (20)

that is they are exponentially vanish in thin layer in the vicinity of fullerene sphere surface.

The Figure 7 shows VLEL wave function calculated with the use of simplified
sphericalmodel (n=50) andapproximate presentation of SLEL wave function on the basis of
the paper [6] after their normalization. OnecanseethatthemaximumamplitudeofSLEL is larger
compared to VLEL if we do not consider a fullerene center where the wave function has the
integrable  singularity. However, duetothecircumstancethattheVVLELwavefunction is
sinusoidal-like with wave vector from Equation 6, there are the basis for the conclusion that
the electron capture cross-section will be larger for VLEL. It is supported by calculations
which show that the capture probability on VLELSs is 5+10 times higher in comparison to the
capture probability on SLELS.

There is alternative approach to esimate the electron capture cross-section. The general
rule connects together the electron recombination (that is the capture) and the photoionization
cross-sections using that these phenomena are mutually inverse reactions, see [19] for
example:

et \/0|lUMe-l0Calized level
: |
surface-localized level |

Wave function amplitude, non-dimensional units

Radius, a.e.

Figure 7:Thenormalizedwave functions for volume-localized electron level with principal
quantum numbern=50 andsurface-localized electron level of fullerene.

2 .2

o} — :
22272
gy 4r°micV

recomb — o photoion
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where o, - the photoionization cross-section, h

— the Planck constant, o - the angular frequency of photon, c-the speed of light, m, — the
electron mass, V — the electron velocity, g; and gi—the statistical weight factors of the
photoionization and recombined states respectively. This expression is derived from the
detailed partial photoionization cross-section treatmentusing so called the detailed
equilibrium principle.So, the larger the photoionization cross-section the larger the
recombination cross-section and inversly.

The analysis of photoionization cross-sections data, see [4-7,20] together with Equation
21 leads us to the conclusion that the electron capture cross-sections as much as 10%°+10°
Sem? are possible.In the work [21] the recombination cross-sections of the order of 10
Yem?for the electron energy of few eVwere obtained from theoretical considerations. These
results are in accordance with our predictions.

If the energy of incident electronE=100 eV, the electron momentum will be p~
0.54-10%kg-m/s, and its velocityV=p/me~ 5.4-10°m/s. The electron wave vector is equal to

, Isthe recombination cross-section, o

photoion

k=p/h=0510"m* (21)

Hence, kri= 17. It should be expected (Figure 7), that maximum amplitudes of capture to
levels formed by Coulomb field will take place at kr=m/2, that is at k one order of magnitude
less. For this reason, the maximum of capture cross-section should be at electron energy E~1
eV which is observed in Figure 6. The location of this maximum does not depend on
ionization extent of fullerene ion.

The calculation of dipole moments of spontaneous transitions from volume-localized electron
levels to other levels of fullerene ions

The dipole electric moment of electron transitionfromthestaten;l;m; tothestaten,l,m; is
written by the definition as

d”z'zmz!nﬂl”h = e<llln2|zmz r

Vo). (22

Wherethe wavefunctionsoffullereneionC, ( Figure 2) withintheboundsof simplified

spherical model are represented as the product of radial and spherical functions.
ThedipoleelectricmomentinCartesiansystemofcoordinates (we omitthe multiplier e — the
electron charge) is presentedby 3-foldintegral (Figure 2):

d nyl,my,nilymy = (23)

2 T
r’drR,, (NR,, (r) [de[dosingY, (0,¢)Y,, (0,¢)rsin6coser +rsindsin ey + rcos6z],
0 0

o—8

where X, y , Z are the unit vectorsalong correspondingaxes.

Theexpfressionsfordipoleelectricmomentforelectrontransitionfromthestaten;lym;  tothe
staten,l,m, includes onlyx- andz-components (Figure 2):

=d x+d,2. (24)

nylomy nghymy
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Thedipolemomentsarenon-zero for the next transitions:
Letthemagneticquantumnumberm, = 0in initial staten,l;m,. Thenthe x-componentof dipole

moment d, is non-zerowhenm, =+1. Taking into account normalization of spherical
functions (see Appendix 2) it equals to

d, =aln,l,n,,1,) 2K, (1)K, (1,)- T AP (-1, M) +1,PO,®)]  (25)
where N

a(nl’ Il’ n2 ! I2 ) = D,|(.>r3('.ern1I1 (r)RnZIZ (r)
0

Ko (1)= ij—ll (26)

[ va
“all)= ((I+|m|)J V2

Letm, =m=0. Then
d, =a(n,l,n,,1,)- 2K, (1)K (1,)- T dtR" ()~ (1, -mXP" © + (1, + mP™, ] (27)

Ifl, =1, —1thelasttermin square bracketsof (25) and (27) disappears.
Atthesametime, z-component of dipole moment is non-zero only for m, = m, = morfor
m, = -m, = mand equals to

1
dz = a(nI’ I1’ Ny, |2)'77Km(|1)Km(|2)' ,fdt -t Pllm (t)P|2m (t) (28)
-1
So, fortransitionsbetweens-stateswithazimuthal

andmagneticquantumnumbersequaltozero, only z-components will be non-zero and from (28)
we get:

Nylymy ., nylymy

—d - %TrSdrRmo(r)ano(r) (29)
0

Butthesetransitionsbetweens-statesof VLELs are excluded due to selection rules. For this
reason it is necessary to take into account either transitions from s-states
of VLELonSLELwith azimuthall=1 or transitions betweenp-states of VLELS (seeAppendix 1)
ands-statesof VLELS, seeTablesbelow.
The probability of spontaneous radiation per unit time at dipole transition is equal to
3
(30)

p 2w
Mol b 3503 4 e
0

Nlama, nylymy

where

ho =E S =dZ+d? (31)

nglmy nylymy 7 Nlamy,nylymy
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AttransitiontoSIsystemthe calculated dipole moments should be multiplied by

Arg h?
m.e
So, theprobabilityofspontaneousradiationperunittimeandthe characteristic
timeofspontaneousradiationare
_8no’iley 2
NalaMy nylymy SCSmSeZ n,l,ms, ,nlymy
1
T =

nylamy, nylymy

where thedipolemomentsareexpressedinatomicunitsas previously.

Due to big size of fullerene the dipole moments of transitions will be considerably
larger and characteristic lifetimes of electron states will considerably less in comparison to
transitions in ordinary molecules.Also,
onecanmaketheassumptionanalogoustocalculationofprobabilityofelectron capture in
corresponding subsection that the probability of recombination from VLEL to lower VLEL
may Dbe higher compared to probability of transition VLEL-SLEL. However,
theispredictionisnot supportedbynumericalcalculations.

The dipole moments of spontaneous transitions calculated using the formula (22)
for fullerene ions between VLELs Islp u Js (J<I) wherel=2,3,4... andJ=1,2,3... for
Z=+1,7=+3,Z=+10 are givenin Table 1, Table 2 and Table 3respectively. The three

parameters:x-component of the dipole momentd, [a.u.], the photon angular

Nyl My nylymy
frequencyw[s™] and the characteristic lifetime of the level Ipz [s] are presented in these
Tables.

Table 1: The dipole moments of transitions, the angular frequency and the characteristic Ip
level’s lifetimefor the fullerene ionCy

Ip 2p 3p 5p 10p 50p
Js
SLEL -0.24 0.80 0.66 0.44 0.20
5.6-10° |8510® |1.010® |[1.1.10° |1.1.10%
32107  |8.4.10° |7.810° 1.510% |6.5.10°
25 0.57 0.64 0.48 0.26
- 2910 |4.310® |5010® |5210°
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4.3.107 9.8-10° 1.2-107 3.5.107

3s - — -1.49 -1.45 -1.32
1.5-10%° 2.1.10% 2.3-10%°

4.7.107 1.7-107 1.6-107

5s - — — -0.80 -4.34
6.2-10% 8.2.10%

2.2.10° 3.2.107

10s - - - - 2.17
2.0-10%

9.0-10°

Table 2:The dipole moments of transitions, the angular frequency and the characteristic Ip
level’s lifetimefor the fullerene ionC >

Ip 4p 6p 9% 15p 45p
Js
SLEL 0.98 0.75 1.08 1.89 0.99
1.210" |1.810® |21.10% |2210% |23.10%
2.210° |9.910% |31.10% |8210™ |27.107%°
4s -1.04 -0.76 -1.45 -0.98
- 6.510° |9.310® |1.1.10"® |1.2.10%
1.1.10% | 7.0-107 1.2:10° 2.3.10°
65 0.93 1.76 1.0
- - 2910 |4310® |5.110°
1.6:107 1.3-10°® 2.510°®
9s 1.81 0.78
- - - 1510 |[2.2.10"
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3.2.107

5.1.107

15s

0.41
7.3-10%

5.1.10°

Table 3:The dipole moments of transitions, the angular frequency and the characteristic Ip

level’s lifetimefor the fullerene ionC,°

Ip 6p 10p 30p 50p 100p
Js

SLEL 0.24 -2.43 4.22 4.38 4.11
9510 |46.10® |6510° |6.6-10° |6.7.10°
6.810% |57.10"% |6.9.10% |6.010" |6.6.:10"

65 0.30 1.36 1.04 0.76
- 3710 |5510"° |57.10® |5.7.10%
7410 1110|1710 | 3010

10s -1.94 -2.31 -2.38
- - 1.8.10° |2.0.10® |2.1.10%
1410 |7910™" |6.810"

30s -3.73 -3.64
- - - 1.510® |[2.1.10"
7510% | 27.10%

50s -2.58
- - - - 6.2-10"
2.1.10°

FromthepresentedTablesonecanseethatthe calculated dipole moments depend on
fullerene ionization extent, initial and final electron state, and are varied inbroadrange from
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about 0.2 to 5 in atomic system of units. Basically, the dipole moments of transition VLEL-
SLEL are of the same order of magnitude as the dipole moment of transition VLEL-VLEL.

The analysis of possibility of coherent radiation generation on fullerene Cgoions VLELS

The analysis conducted in previous Sections gives ground to use the extraordinary
properties of fullerene ions for coherent radiation generation.
There is a principal possibility to get the coherent radiation using the medium

containing two parts of particles: excited fullerene C.7 ions having with one electron at
VLEL staten;lym; (state 1) and excited fullerene C, ions with one electron at VLEL

staten,lmy(state 2) or fullerene C.7 ions in equilibrium state.The quantum energy level 1 is
higher than the level 2.

Let us introduce the following designations:n,is the concentration of excited
fullereneions with electrons at the statel, wand A- the radiation frequency and

corresponding wavelength at transition 1—2,
To estimate the inverse concentration n,needed for attainment of generation threshold

for coherent radiation at VLELS we cah use a simple formulation:

.uw Labs >>1
where
_, e
Ha 21 1Aa)sp

Here p, is the coefficient of resonance amplification per unit length;

L.. - theabsorption length of photons;

abs

Ao, - the width of dipole spontaneous radiation line.

Aw - thetotalbroadeningofemissionlineduetoDopplereffect, collisions, radiationless
losses and spontaneous radiation: Aw = Awy,, + Aoy, +Aw, +Aoy, .

To reachthe generation threshold it is necessaryto have

27'[; A(Dsp

n, >>—
ALy, Ao

Theabsorptionspectrum of fullerene gasCgowas investigated in the paper [22].
According to experimentally obtained data given in this paper the absorption cross-section is

about Gans~ (1+5)-10°cm?in the wavelength rangeA=200+400 nm.
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The length of absorption is equal to

where the concentration of neutral fullerenes nfu||~1017cm'3:1023m'3 for fullerene gas at the
temperatute T = 700°C.
Basically, for the estimation we may put Aaosx,~Aw. |f we use the characteristic value

for the wavelength A~10°+10"" m which corresponds to ®~5-10**+5.10% 1/s (see Tables 1-3)
then the generation threshold for inverse level concentration will be in the range

n, >>6-10%+6.10%cm

which is possible because the concentration of fullerene ions C_;” under the electron beam

interaction conditions diminishes by about one order of magnitude with growth of ionization
degree Z by unity and the electron capture cross-sections are large enough.

For example, if the gas with concentration of neutral fullerenes about ng;=10"cm?
then, according to results of electron capture calculations, it is possible to get the

concentration of C.7 ions about

n* ~10%cm=,

Thus, the estimations show that the medium containing fullerene C.7 ions may be
used for the generation of coherent radiation.

Conclusions

The existence of volume-localized electron levels (VLELSs) of fullerene ions C;7 is proven

on the basis of simplified quantum-mechanical consideration of fullerene ion. These levels
arise in Coulomb potential well formed inside fullerene after its ionization. The simplified
calculation of VLELSs wave functions is conducted using the fullerene sphere model. The
basic parameters of VLELSs including energy and spatial functional dependencies are
obtained. To get those characteristics the analytical dependencies of wave functions inside
and outside the fullerene sphere are used which are sewn on the sphere. We use the model
proposition that the charge is uniformly distributed on the sphere that is the simplified
spherical model approach.

The analysis of electron capture during the interaction of electron beam with the
medium consistent of fullerenes ionsC.; is conducted as the application of the methods
developed.
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Thecalculation estimationsdoneshowthattheelectroncapturecross-sections for capture on
VLELs are about one order of magnitude larger compared to capturecross-sections on
ordinary SLELsat electron energy of the order 10 eV and is about 10 m.

The calculations of dipole moments for transitions from fullerene ions VLELS to other

VLELs and to SLELSs are also conducted. The calculated dipole moments depend on
fullerene ionization extent, initial and final electron state, and are varied from about 0.2 to 5
in atomic system of units.

The unique features of fullerenes give ground to new interesting opportunities. The
principal possibility of coherent radiation generation on fullerene ions VLELSs is discussed.
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Appendix1.Expressionsforradialfunctionswithazimuthalnumber|>0 and the
presentation of wave functions outside fullerene sphere

Considerthe quantumstateswithl>0, I<n-1.
Todeterminecorrespondingwavefunctionsitisconvenienttousethefollowingrecurrentexpression

Rnl = rI)Cnl
1d%n|
an+l r dr

From which it iseasy togetall R, in consecutive order onceyouknow R;; .
For example, inside fullerene (r< 6.63) we have:

R, = sm[knr],
r
sinfk,r] K,
Ry =——0, +Tcos[knr], (32)
r

R, = sink [3 k2r?]- 3k2“ coglk,r],
r

sm

= [6k2 ? 15]+ 15— k2r?Jcoslk, r], etc.

R

n3

Here

Analogousexpressioncanbeconsecutivelyobtainedifcos[k,r]/ris given as R .

Theanalysisofexpressions (32) showsthatallR,;satisfy the conditions of finiteness of
integral from wave function module square. ThisiswhyasimptoticsoffunctionsR,;atr—0 is as
following:

R z—2krl]+l r'
" 20

Thenwavefunctionsinsideandoutsidefullerenesphereshouldbesewntoensurecontinuityof
wave function and its first derivative (it is practically useful to equate logarithmic derivative
of wave function inside and outside sphere), see Figure 8.

ThisdiscussionleadsustotheconclusionthatthewaveeigenfunctionsofVLELsare the
expressions (8) for azimuthal and magnetic quantum numbers landm equal to 0. Forl>0
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theexpressions R, from (32) serveasradialpartsofVLELsbecause they have integrated
singularity at r=0.
We use the following quantity as an energy unit

4
m.e

h2(4n80 )2 ~27.215B. (33)

Inanycasethespatialdependenciesofwavefunctionswithl=0 have the maximum in the
center of fullerene spheroid as it is shown in Figure 8.

Considerinmoredetailthe solutions for wave functions outside the fullerene sphere, see
Equation 4. Rewrite this equation for the casel=0:

dan 2 an 27
drzo +? dro +TRno :_ZEnoRno (34)

or

%(rz _d:j;o ] +2ZrR,, = —2E ,r’R, (35)

Realizing the following substitute

unO = Rnor (36)
we get

du, u,

T£+ZZTO=_2EnoUn0’ (37)

After substitution f = 2r this equation transforms to the following view:

d’u, _u E
— M0 70Ty 38

dfz f 2 no ( )
Inthecaseofinequality—rE , >>Z that is at rather large distances from the centre the
following equation will be valid:

d’u, E,
— 2 =—"Tu.,, 39
dfz 2 n0 ( )
which has the next solutions:
~f Eno +f _Eno
U, =6 2, U,=¢6 z (40)

The second solution is excluded, because it tends to infinity at large distances.
We look now for the solutionin the form
¢ [Eno
Fle ' 2 (41)

Uy = fno(
Then for f,, ()it is valid
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d?f, E, df,, Zf

-2 |——h0 0, 0 _ 42
ar? 2 df ¢ (42)
After next substitute
et (43)
-2E,,
we get
2
d f;o_dfn0+ Z fno:o (44)
dx dx -2E, X
Letusdesignate
Z
o = 45
= e (45)
Then
d?f o df, foo
— =0 46
dx?  dx Sno X (46)

The Equation 46 has the solution limited at x—oo only for integer (,=1,2,3...
Forthesolutionofthisequationitisconvenienttosearch the solution in the form of infinite set:

fro(0) = 2 ax’ (47)
Substituting (43) into (42) we get:
Ylii-Dax? -iax*+&axt]=0. (48)

Bysubstitutingofsummationindexi = j +1werepresentthesumonfirst term in square brackets
this way:

s o]

Yii-Dax =Y j(j+Da.x'". (49

j=n-1
Hence,

n(n-1a, + fii+Da ,x* —iax* +&,ax =0,  (50)

Lettheprincipalquantumnumberben =1. We can choosea, =1.Then we get the following
recurrence formula for determination of coefficientsa, :

a =1, iy = (I -_élO)ai (51)
i(i+1)
that is
alzl; a :(i_1_510)'(i_2_510)"“'(2_510)'(1_510) (52)
n-(n-1)+n-1)!

Lettheprincipal quantum number now be n >1. Then
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a =0, i<n; (53)

—1: am:(_i__élo)ai, i>n (54)
i(i+1)

Ifthe azimuthalquantumnumberlismorethan O, then the radial part of wave function
satisfies to the following equation:

d*f . df, f ) f
o Zob e b P21 +) 2 =0, 55
dX2 dX Cnl X Cnl ( ) X2 ( )
Look for solution in the form
£,00 = ax n=h1l+2,... (56)

i=n

a;=0, 8,=0, a3=1,a,,, = — ( _52') a .
i+ -¢&,1(1+2)

Forradialfunctions R, (r) the following condition of normalization is valid:

[r#drR, (NR,, (r)=0 n, #n, v, 1,
0

J-rzdarlll (r)anl2 (r) = 5|1|2 nl = n2 '
0

where §,, isa symbol of Kronecker.

ksi=1 eta=-1.0

ksi=2 eta=+0.663
ksi=3  eta=+0.04
————— ksi=5 eta=-0.156
= ksi=10 eta=-0.21
——————— ksi=50 eta=-0.23
ksi=5 I=1 eta=-3.155

W ! ! ———— ksi=5 =2 eta=+0.7
08 —l— — — - — Lo __ L _ L

(5]
©
=
=
a
£
]
c
o
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Figure 8: The wave functions of VLELsof fullereneC.; ion with different parameters ¢

(principal quantum number), | (azimuthal quantum number) and 7 (the “sewing” parameter).

Appendix2.Asummaryofbasicformulasfor normalization of spherical
functions

In expression for wave functionswith azimuthal numberlfor fullerene ion within the bounds
of simplified spherical modelthereare (21+1) independentsphericalfunctions:

Y,,(0,90)=R"(cos)cosme, m=01..1,

Yin(0,0)=PR"(cosO)sinmlp, m=-1,-2...—1,
where P" (cos ) are attached functions of Legendre:

| g/ml
)2

PP =1-t')7 RO

Here

1 d ,, .y

- the Legendre polynomials.
The following recurrence formula takes place for them:

(I1+2)P,,(t) - (21 + 1P (t) + 1P, (1) =0,-1<t<1, 1>0.

The normalization of spherical functionsisasfollowing:

2z

(R Odgojdesmev,m ©0,0),. (6.0)

(Ym1 Y, )= qu) COS M, COS m2<pj d6'sin 6R™ (cos 0 )R™ (cos0)
0

(Y,lml,Y,zmz) T d(pcosmlfpcosmzfpjdtP ()R (t)

(Y,lm1 N, )=(;) |, # 1,160 M, = m,

(Y'""Y'"‘)zzfil’ )
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_(1+fm]x 2z

(v,..Y,, )= T 1<|m/ <1

| —|m[} 21 +

So, toensurethenormalizationofsphericalfunctionY, (9,(p), it is necessary to multiply it
by a factor

.jl4_+1 : m=0,
(“"m”] VA e
i+ V2
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